We suggest two alternative schemes to predict lepton mixing angles as well as CP violating phases from a discrete flavor symmetry group combined with CP symmetry. In the first scenario, the flavor and CP symmetry is broken to the residual groups of the structure Z 2 × CP in the neutrino and charged lepton sectors. The resulting lepton mixing matrix depends on two free parameters θ ν and θ l . This type of breaking pattern is extended to the quark sector. In the second scheme, an abelian subgroup contained in the flavor group is preserved by the charged lepton mass matrix and the neutrino mass matrix is invariant under a single remnant CP transformation, all lepton mixing parameter are determined in terms of three free parameters θ 1,2,3 . We derive the most general criterion to determine whether two distinct residual symmetries lead to the same mixing pattern if the redefinition of the free parameters θ ν,l and θ 1,2,3 is taken into account. We have studied the lepton mixing patterns arising from the flavor group S 4 and CP symmetry which are subsequently broken to all of the possible residual symmetries discussed in this work. *
Introduction
The neutrino oscillation experiments have made great progress in the last twenty years [1] [2] [3] . It has been firmly established that neutrinos must be massive particles and different flavor eigenstates are mixed. The three lepton mixing angles θ 12 , θ 13 and θ 23 as well as two mass squared difference ∆m 2 21 and ∆m 2 31 have been precisely measured [4] [5] [6] [7] . However, we still don't know the neutrino mass ordering (∆m 2 31 > 0 or ∆m 2 31 < 0) and the signal of CP violation in the lepton sector has not been observed. The preliminary T2K data favor a maximal Dirac CP violation phase δ CP −π/2 [8] , and the latest global fits of neutrino mixing parameters show a weak evidence for a negative Dirac phase −π < δ CP < 0 [5] [6] [7] . The primary objectives of near future neutrino experiments are to determine the ordering of the neutrino masses and to measure the value of δ CP .
On the theoretical side, the origin of neutrino mass and lepton flavor mixing is still unknown although there has been lots of theoretical studies. Motivated by the observation that the simple tri-bimaximal mixing possibly originates from a A 4 flavor group, non-abelian discrete flavor symmetry has been extensively exploited to explain the observed lepton mixing angles. Many other symmetries such as S 4 , A 5 , ∆(3n 2 ) and ∆(6n 2 ) etc have been considered over the years. Please see Refs. [9] [10] [11] [12] [13] for review on discrete flavor symmetry and its application in model building. A significant progress in recent years is the precise measurement of the reactor mixing angle θ 13 [14] [15] [16] [17] [18] . The discovery of a somewhat large value of θ 13 rules out the tri-bimaximal mixing patterns and many flavor models which predicted small or zero θ 13 . Many approaches have been pursued to explain such a largish θ 13 . Within the paradigm of the discrete flavor symmetry, model-independent scan of the lepton sector reveals that only large flavor symmetry groups (e.g. (Z 18 × Z 6 ) S 3 with the group id [648, 259] ) can produce mixing patterns compatible with experimental data and the Dirac CP phase is generally trivial if the lepton mixing matrix is fully fixed by the symmetry alone [19] [20] [21] [22] [23] .
In order to accommodate a non-zero θ 13 and a nontrivial Dirac CP phase simultaneously, it is interesting to combine flavor symmetry with CP symmetry. This approach can generate a rich structure of mixing patterns which are in good agreement with the experimental data, and it allows us to predict all the mixing angles and CP phases in terms of a small number of input parameters [24] [25] [26] . From the bottom-up point of view, the generic neutrino and charged lepton mass matrices have both residual CP symmetry and residual flavor symmetry, and the residual flavor symmetry can be generated from the residual CP transformations [27] [28] [29] . Hence it is natural to assume that the residual flavor and CP symmetry arise from a large flavor and CP symmetry group at high energy scale. In this approach, the CP symmetry nontrivially acts on the flavor space such that the so called consistency condition has to be fulfilled in order for the theory to be consistent [24, [30] [31] [32] . There has been intense theoretical activity on flavor symmetry in combination with CP symmetry. Many flavor symmetry groups and their predictions for lepton mixing parameters have been studied such as A 4 [33] [34] [35] [36] [37] , S 4 [24, [38] [39] [40] [41] [42] [43] , A 5 [44] [45] [46] [47] , ∆ (27) [48, 49] , ∆ (48) [50, 51] and ∆(96) [52] as well as ∆(3n 2 ) [53, 54] , ∆(6n 2 ) [53, 55, 56] and D (1) 9n,3n [57] group series for a generic integer n. Recently a comprehensive scan of leptonic mixing parameters which can be obtained from finite discrete groups of order less than 2000 and CP symmetry has been performed [58] . Moreover, the phenomenological implications of flavor and CP symmetry in neutrinoless double decay [37, 39, 43, 44, [56] [57] [58] [59] and leptogenesis [58] [59] [60] have been investigated. It is remarkable that the residual CP symmetry provides a bridge between flavored leptogenesis and low energy leptonic CP violation.
It is usually assumed that the residual flavor symmetry in the charged lepton is an abelian subgroup which can distinguish among the three generations, and the residual symmetry in the neutrino sector is a direct product of Z 2 and CP . As a consequence, the lepton mix-ing matrix turns out to depend on a single real parameter θ and all mixing parameters are strongly correlated with each other. In the present work, we shall discuss the other possible approaches to predict lepton mixing parameters from flavor and CP symmetry, and two scenarios would be considered. In the first one, the neutrino and charged lepton mass matrices are invariant under two distinct Z 2 × CP subgroups. Consequently all mixing parameters including mixing angles and CP phases are predicted in terms of two real parameters θ l and θ ν . In the second scenario, the postulated flavor symmetry is broken to a residual abelian subgroup with three or more elements in the charged lepton sector while a single residual CP transformation is preserved by the neutrino mass matrix, the PMNS mixing matrix would depend on three real parameters θ 1,2,3 . As an example, we present a detailed analysis for the S 4 flavor symmetry group and CP symmetry. All possible independent combinations of remnant symmetries and the predictions for lepton mixing parameters are studied analytically and numerically.
The paper is organized as follows. In section 2 we study the symmetry breaking pattern in which a flavor symmetry combined with a CP symmetry is broken to Z 2 × CP in both the neutrino and charged lepton sectors. The resulting consequence for the prediction of the lepton mixing matrix is discussed, and the technical steps in the derivation are explained. We derive the conditions under which two distinct residual symmetries give rise to the same mixing pattern. Moreover we analyze the independent mixing patterns which can be obtained from the popular flavor group S 4 and CP in this scheme. In section 3 our approach is extended to the quark sector. In section 4 we explore another proposal in which the charged lepton and neutrino mass matrices are invariant under the action of a residual abelian subgroup and a single CP transformation respectively. Finally section 5 concludes this paper. Moreover, Appendix A contains the necessary group theory of S 4 as well as its abelian subgroups. Appendix B gives the conditions under which two distinct residual symmetries of the structure Z 2 × CP in both the up and down quark sectors lead to the same CKM mixing matrix in the case that the fixed element is neither 0 nor 1.
2 Lepton flavor mixing from residual symmetry Z 2 ×CP in both charged lepton and neutrino sectors
In the widely studied direct and semidirect approaches [11] [12] [13] , it is assumed that the neutrino mass matrix m ν possesses residual symmetry Z 2 ×Z 2 and Z 2 ×CP respectively, and the charged lepton mass matrix is invariant under an abelian subgroup contained in the flavor group. In this section, we shall be concerned with the scenario that the remnant symmetry preserved by both the neutrino and charged lepton mass matrices is of the structure Z 2 ×CP . The three generations of left-handed leptons are assigned to a faithful irreducible triplet 3 of the flavor symmetry group.
General form of the PMNS matrix
We shall denote the residual Z 2 flavor symmetry of the charged lepton sector as Z g l 2 ≡ {1, g l } with g 2 l = 1, and the remnant CP transformation is X l . In order for the theory to be consistent, the following consistency condition has to be fulfilled
Inserting Eq. (2.4) into the above equation and considering g 2 l = 1, we get
is a block diagonal and symmetric matrix and its most general form is given by
where ξ 1 is an arbitrary real number and u l 2×2 is a two-dimensional symmetric unitary matrix. We denote the Takagi factorization of u
, where σ l 2×2 is a two-dimensional unitary matrix. As a result, the matrix Σ † l1 X l Σ * l1 can be written into
(2.10)
Then we can obtain the Takagi factorization of X l as
It is straightforward to check that the remnant flavor transformation
From Eq. (2.2a) we can obtain that the constraint on the unitary transformation U l from the residual CP transformation X l is
where β e,µ,τ are arbitrary real parameters. Thus we have
is an orthogonal matrix, and it is also a unitary matrix.
is a real orthogonal matrix denoted by O 3×3 . Then the unitary transformation U l takes the following form
Furthermore, Eq. (2.2b) implies that U l is also subject to the constraint of the residual flavor symmetry as follows,
where P l is a generic permutation matrix, and it can take six possible forms 1, P 12 , P 13 , P 23 , P 23 P 12 and P 23 P 13 with
Plugging the expression of U l in Eq. (2.17) into Eq. (2.18), we obtain
Using Eq.(2.13) we have
l P l is a block diagonal unitary matrix, and it can be parameterized as
where ξ 2 is a real number and v l 2×2 is a two-dimensional unitary matrix. Thus we have
which implies e
Hence e
is a block diagonal real orthogonal matrix, and it takes the form
where S 23 (θ l ) is a rotation matrix with
As a consequence, the unitary transformation U l is fixed by the residual symmetry Z 2 × CP to be
where θ ν is real. Consequently, the unitary transformation U ν is fixed to be
The lepton mixing matrix U P M N S is a result of the mismatch between U l and U ν . Hence we find U P M N S is of the form 51) where the phase matrix Q l can be absorbed by redefinition of the charged lepton fields. We see that the lepton mixing matrix depends on two free continuous parameters θ l and θ ν , and one entry of the PMNS matrix is fixed to be some constant value by the postulated residual symmetry. Notice that
where the diagonal matrix can be absorbed into the matrices Q l and Q ν , consequently the fundamental interval of the parameters θ l and θ ν are [0, π).
If two pairs of residual subgroups {Z
with h ∈ S 4 , then the unitary transformations of the changed lepton and neutrino fields are related by
Therefore the same result for the PMNS matrix would be obtained.
The criterion for the equivalence of two mixing patterns
In some cases, two distinct residual symmetries lead to the same mixing pattern, if a possible shift in the continuous free parameters θ l and θ ν is taken into account. Then we shall call these two mixing patterns are equivalent. In this section, we shall derive the criterion to determine whether two resulting mixing patterns are equivalent or not. In our approach, the lepton mixing matrices derived from two generic residual symmetries take the form
54)
Obviously the fixed element has to be equal if the two mixing patterns are equivalent, and without loss of generality we assume it is the (11) entry of the PMNS matrix. As a result, the permutation matrices P l , P ν , P l and P ν can only be 1 and P 23 . Because the following identities
are satisfied, and the diagonal matrix can be absorbed into the matrices Q l and Q ν , we could choose P l = P ν = P l = P ν = 1. For any given values of θ l , θ ν and the matrices Q l , P l , Q ν , P ν , if the corresponding solutions of θ l , θ ν as well as Q l , P l , Q ν , P ν can be found such that the equality U P M N S = U P M N S is fulfilled, these two mixing patterns would be equivalent, i.e.,
where
where Q L = Q † l Q l is a generic diagonal phase matrix, and Q N = Q ν Q † ν is also diagonal with entries ±1 and ±i. The matrices on both sides of Eq. (2.58) multiplying with their transpose leads to
Subsequently taking trace, we obtain
Since the right-handed side of this equality is a constant and it doesn't depend on θ l and θ ν , the phase matrices Q L and Q N should be of the form 
Once the residual symmetries are specified, the unitary matrices U and U can be determined by following the procedures listed in section 2.1. Generically U and U can be written as
A necessary condition for the equivalence of U P M N S and U P M N S is a 1 = b 1 which can not be 0 or 1 in order to be compatible with experimental data. Firstly let's consider a special case with
Solving the equation Eq. (2.62) for the variables θ l , θ ν and δ, we can obtain the condition for the existence of solution.
• b ,
Since θ l , θ ν and δ are real parameters, a i and b i should be subject to the following constraints 
, (2.68)
The parameters θ l , θ ν and δ are determined to be
with the constraints
These two PMNS matrices would be equivalent if and only if the following conditions are fulfilled:
, we obtain b 7 = is 2 b 4 with s 2 = ±1. Moreover, the equality a 7 = is 2 a 4 should be satisfied otherwise U P M N S and U P M N S are two different mixing patterns. The condition of equivalence in Eq. (2.62) gives rise to
where t 5 = za 5 − wb 5 − vb 6 , t 6 = za 6 − wb 6 + vb 5 , t 8 = −za 8 + wb 8 + vb 9 , t 9 = −za 9 + wb 9 − vb 8 ,
and
The values of the rotation angles θ l and θ ν are
The phase δ is determined by
In the same fashion as previous cases, we find
The condition of equivalence in Eq. (2.62) would be fulfilled if
The solutions for θ l , θ ν and δ are
For the most general values of the diagonal matrices
the condition for the equivalence of two generic mixing patterns can be obtained from the above results by making the following substitutions
(2.85)
Possible mixing patterns from S 4 and CP and numerical results
We shall perform a comprehensive study of the lepton mixing patterns arising from the breaking of S 4 and CP symmetry into two distinct residual groups of the structure Z 2 × CP in the charged lepton and neutrino sectors. The basic properties of the S 4 group and its representation are collected in appendix A. It turns out that the most general CP transformation compatible with S 4 is of the same form as the flavor symmetry transformation in our chosen basis [39, 42] . Each of the nine different Z 2 symmetries in Eq. (A.3) together with the compatible CP transformation can be residual symmetry of the neutrino and charged lepton mass matrices.
By applying the similarity transformation and the equivalence criterion derived in section 2.2, we find that it is sufficient to only consider a number of independent cases which lead to different results for mixing angles and CP phases. All possible permutations of the rows and columns of the mixing matrix would be considered. We exclude all patterns that can not describe the experimental data on lepton mixing angles at the 3σ level for certain values of the free parameters θ l and θ ν . As a result, we find totally eighteen phenomenologically viable cases. The residual flavor symmetry of the neutrino and charged lepton sectors can be chosen to be Z
, the corresponding residual CP transformation X r and the Takagi factorization matrix Σ are summarized in table 1. As shown in section 2.1, the Takagi factorization Σ satisfies
where g r is the generator of G r . Notice that ρ 3 (g r )X r is also a residual CP symmetry of the neutrino sector, and it leads to the same constraint on the neutrino mass matrix as X r . For each possible residual symmetry, the lepton mixing matrix can be straightforwardly obtained by using the master formula of Eq. (2.51). If two cases possess the same residual symmetry, but differ in the choice of the row permutation with P l = P 12 and P l = P 13 respectively, then the resulting mixing matrices are effectively related through the exchange of the second and the third rows, because the following identity
is satisfied. Subsequently we can extract the lepton mixing parameters, and the results for the mixing angles sin 2 θ 13 , sin 2 θ 12 , sin 2 θ 23 and the CP invariants J CP , I 1 , I 2 are listed in table 2 and table 3 for all the viable cases. Here J CP , I 1 and I 2 conventionally defined as 
where δ CP is the Dirac CP violating phase, α 21 and α 31 are the Majorana CP phases in the standard parametrization [61] . One notices that the invariants J CP , I 1 and I 2 are exactly vanishing such that the all the three CP phases δ CP , α 21 and α 31 are trivial in some cases. Furthermore, we perform a conventional χ 2 analysis that includes the three mixing angles, and the results for the mixing parameters and the best fit values (θ l , θ ν ) bf are displayed in table 4, table 5, table 6 and table 7 . For the residual flavor symmetry
2 ), one element of the PMNS matrix is fixed to be 1/2. From table 4 and table 5, we can see that the CP phases are predicted to be δ CP 1.569π, α 21 (mod π) 0.728π and α 31 (mod π) 0.808π in the case of (X l , X ν , P l , P ν ) = (T 2 , T, P 12 , P 12 ), while all the three CP phases are conserved for the remaining cases. In the same manner, for another residual flavor symmetry (
, the fixed element is 1/ √ 2, we find that all that both Dirac and Majorana phases are trivial except (X l , X ν , P l , P ν ) = (T 2 , SU, P 12 , P 13 ), (T 2 , SU, P 12 , P 13 ) which give rise to δ CP 0.458π, 0.542π, 1.458π or 1.542π. Moreover, the atmospheric mixing angle θ 23 is predicted to be non-maximal in all the cases studied. The latest results from T2K and NOνA show a weak evidence for a nearly maximal CP-violating phase δ CP ∼ 3π/2 [62, 63] , and hits of δ CP ∼ 3π/2 also show up in the global analysis of neutrino oscillation data [4] [5] [6] [7] . On the other hand, NOνA excludes maximal mixing at 2.5σ while the experimental data of T2K are consistent with maximal mixing [62, 63] . Hence the above mixing patterns predicting δ CP 1.569π, 1.458π and 1.542π are slightly favored over the remaining cases by the present experimental data.
The numerical results listed in table 4, table 5, table 6 and table 7 can be easily seen by plotting the contour regions of the mixing angle sin 2 θ ij in the plane θ ν versus θ l , as shown in figure 1 , figure 2 and figure 3. The most stringent constraint arises from the reactor neutrino mixing angle θ 13 which has been measured quite precisely [4] [5] [6] [7] . One sees that the three lepton mixing angles θ 12 , θ 13 and θ 23 can be simultaneously compatible with the experimental data at 3σ level only in a rather narrow region of θ l −θ ν plane. Hence the mixing angles and CP phases should be able to only vary a bit around the numerical values found in table 4, table 5, table 6 and table 7 , and consequently the present approach is very predictive. As an example, in figure 4 we display the predictions for the CP phases δ CP , α 21 and α 31 in the plane θ ν versus θ l for the residual symmetry (
2 , SU ) with (P l , P ν ) = (P 12 , P 13 ), (P 13 , P 13 ), where the small black areas represent the regions in which the experimental data on lepton mixing can be accommodated.
Carefully examining all the numerical results, we see that the predictions for the reactor mixing angel θ 13 are almost the same while the values of θ 12 , θ 23 and δ CP are considerably different in distinct cases. The current oscillation experiments T2K and NOνA are able to exclude certain ranges of θ 23 and δ CP around the maximal values, if running in both the neutrino and the antineutrino modes is completed. The forthcoming reactor neutrino oscillation experiments such as JUNO [64] and RENO [65] expect to make very precise measurement of the solar mixing angle θ 12 , and the error of sin 2 θ 12 can be reduced to about 0.3% [64] . The planned long baseline experiments such as DUNE [66] and Hyper-K [67, 68] could significantly improve the precision on θ 23 and δ CP . Hence future neutrino facilities have the potential to discriminate among the above possible cases, or rule them out completely.
The neutrinoless double (0νββ) decay is a lepton number violating process. It is an important probe of the Majorana nature of neutrinos, and it can provide us with precious information on the neutrino mass scale and ordering. Searching for 0νββ decay has a long history. There are many new sensitive 0νββ experiments which are in various stages of planning and construction. The 0νββ decay rate is proportional to the effective Majorana mass |m ee | which is expressed in terms of neutrino masses and lepton mixing parameters as [61] , figure 5 , figure 6 and figure 7. Both parameters θ 1 and θ 2 freely vary between 0 and π, and the three lepton mixing angles are required to lie in their current 3σ ranges [6] . Notice that |m ee | does not depend on θ 23 . Hence if two cases have the same residual symmetry but differ in the permutation matrices with P l = P 12 and P l = P 13 respectively, the same predictions for |m ee | would be obtained. For the case of IH neutrino mass spectrum, the effective Majorana mass is almost independent of the value of k 2 . The reason is because the term in |m ee | proportional to m 3 is suppressed by both sin 2 θ 13 and the small value of m 3 itself. Moreover, we see that |m ee | is predicted to be around the upper boundary 0.048 eV, lower boundary 0.015 eV or close to 0.028 eV for IH. Although these predictions are beyond the reach of the facilities in running, the next generation elaborate 0νββ decay experiments are capable of covering the full IH region, such that the present predictions could be tested in near future. For the case of NH mass spectrum, cancellation between different terms in |m ee | could occur for certain values of the lightest neutrino mass, consequently the effective mass can be smaller than 10 −4 eV. However, the range of m lightest in which |m ee | can be quite small is significantly reduced with respect to the generic case. We can even find a non-trivial lower bound on |m ee | in some cases, see e.g. figure 5 for the remnant symmetry
√ 2e 
, the corresponding residual CP transformations X r consistent with G r and the Takagi factorization matrix Σ. Let's denote the generator of G r as g r , then ρ 3 (g r )X r is also a residual CP symmetry, and it is given in the parenthesis. For simplicity of notation, we do not distinguish between the abstract elements of the S 4 group and their representation matrices in 3. 
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. Note that the factors (−1) k1 and (−1) k2 are omitted in the expressions of I 1 and I 2 respectively, and they arise from the CP parity matrix 
2 ) in this case. The first row corresponds to (X l , X ν , P l , P ν ) = (U, T, P 12 , 1) on the left panel and (X l , X ν , P l , P ν ) = (U, T, P 12 , P 12 ) on the right panel, and the last row is for (X l , X ν , P l , P ν ) = (U, ST S, P 12 , 1), (U, ST S, P 12 , P 12 ). The foreground and background differ in the values of P l which are equal to P 12 and P 13 respectively. 
2 ) in this case. The first row corresponds to (X l , X ν , P l , P ν ) = (T 2 , 1, P 12 , P 13 ) on the left panel and (X l , X ν , P l , P ν ) = (T Figure 4 : The contour plots of the CP violation phases δ CP , α 21 and α 31 in the plane θ ν versus θ l . The black areas denote the regions in which the lepton mixing angles are compatible with experimental data at 3σ level. The residual symmetry is (
2 , SU ). The figures on the righthanded and left-handed sides correspond to the row and column permutations (P l , P ν ) = (P 12 , P 13 ) and (P l , P ν ) = (P 13 , P 13 ) respectively. 
2 ) in this case. The first row corresponds to (X l , X ν , P l , P ν ) = (U, T, P 12 , 1) on the left and (X l , X ν , P l , P ν ) = (U, T, P 12 , P 12 ) on the right, the middle row is for (X l , X ν , P l , P ν ) = (U, ST S, P 12 , 1), (U, ST S, P 12 , P 12 ), and the last row for (X l , X ν , P l , P ν ) = (T 2 , T, P 12 , P 12 ). The present most stringent upper limits |m ee | < 0.120 eV from EXO-200 [69, 70] and KamLAND-ZEN [71] is shown by horizontal grey band. The vertical grey exclusion band is the current limit on the lightest neutrino masses from the cosmological data m i < 0.230 eV at 95% confidence level obtained by the Planck collaboration [72] . 
2 ) in this case. The top left panel corresponds to (X l , X ν , P l , P ν ) = (T 2 , T ST 2 U, P 12 , P 13 ), the top right panel is for (X l , X ν , P l , P ν ) = (T 2 , T ST 2 U, P 13 , P 12 ), and the last one for (X l , X ν , P l , P ν ) = (T 2 , SU, P 12 , P 13 ). 
2 ) in this case. The panels on the right-handed and left-handed sides correspond to (X l , X ν , P l , P ν ) = (T 2 , 1, P 12 , P 13 ) and (X l , X ν , P l , P ν ) = (U, 1, P 12 , P 13 ) respectively. Notice that |m ee | is invariant under the transformations θ l → π − θ l , θ ν → θ ν + π/2 and k 2 → k 2 + 1, hence the effective mass is independent of k 2 in this case.
3 Quark flavor mixing from residual symmetry Z 2 ×CP in up and down quark sectors
The Lagrangian for the quark masses and the charged current interactions reads as
T denote the three left-handed and right-handed up type quark and down type quark fields respectively. It is well-known that the mass matrices m U and m D can be diagonalized by bi-unitary transformations,
The CKM matrix is given by
In this section, we assume that the parent flavor and CP symmetry is broken down to Z 
Following the procedures presented in section 2.1, the constraints on the unitary transformations U u and U d from the postulated residual symmetries can be straightforwardly extracted. A critical step is the Takagi factorization of the residual CP transformations X u and X d which have the following properties
Then the remnant symmetries enforce the CKM mixing matrix is of the form
where Q u and Q d are generic diagonal matrices of phases, they can be removed by utilizing the rephasing freedom of the up and down quarks, and P u and P d are permutation matrices. Similar to the master formula of the lepton flavor mixing in Eq. (2.51), the CKM mixing matrix is determined up to possible permutations of rows and columns, and it depends on two free parameters θ u and θ d which can take values between 0 and π.
In the same fashion as section 2.2, we can find the condition under which the CKM matrices predicted by two distinct residual symmetries are equivalent. We generically denote the combination U q ≡ Σ † u Σ d for any two postulated residual symmetries as
where a 1 and b 1 are fixed by remnant symmetries up to an overall phase. The corresponding CKM mixing matrices cannot be effectively the same one if |a 1 | = |b 1 |. In the following, we shall focus on the case of a 1 = b 1 = 0. The results for the most general case |a 1 | = |b 1 | = 0, 1 are summarized in appendix B. After some straightforward algebra the conditions of equivalence can be described as follows.
• b 
where t 5 = (xb 5 + yb 6 )z + (xb 8 + yb 9 )w, t 6 = (xb 6 − yb 5 )z + (xb 9 − yb 8 )w, 10) and 
(3.14)
(3.16)
•
account, the same quark mixing pattern would be obtained if the parameters a i and b i are subject to the following constraints,
Notice that if the conditions of any of the above four cases are satisfied under the substitutions
with s 1,2 = ±1, the assumed remnant symmetries would give rise to the same quark mixing.
So far the CKM mixing matrix has been measured quite accurately. The present global fit result for the magnitude of each CKM matrix element is [73] |U CKM | = The full fit values of three quark mixing angles read as [73] sin θ Now let us concentrate on the S 4 flavor symmetry group as an illustrative example. Considering all the possible residual subgroup Z 2 × CP arising from the original S 4 and CP symmetry, we find the fixed element can be 0, 1/2, 1/ √ 2 or 1. According to experimental data shown in Eq. (3.19), vanishing (13) or (31) element of the CKM matrix is a good leading order approximation, since the (13) and (31) entries are very small and this tiny discrepancy could be easily resolved in an explicit model with small corrections. All the three quark mixing angles except θ q 13 can be accommodated very well for the representative remnant symmetries
× T 2 in the up and down quark sectors respectively. The corresponding Takagi factorization matrices Σ u and Σ d are determined to be
For the permutation matrices P u = 1 and P d = P 13 , we find U CKM (1, 3) = 0 and the CKM matrix takes the form 22) from which we can extract the quark mixing angles as
The
We expect that the small mixing angle θ q 13 as well as the CP violation phase can be generated by higher order contributions in a concrete model. For the values P u = P 13 and P d = 1, we have U CKM (3, 1) = 0. The CKM mixing matrix is given by
The mixing angles read
In this case, the central values of θ 
In this section we shall instead consider the scenario in which the residual symmetry of the charged lepton sector is an abelian subgroup and the neutrino mass matrix m ν is invariant under a single residual CP transformation X ν . In order to avoid degenerate neutrino masses, X ν should be a symmetric unitary matrix with X ν = X T ν and X ν X * ν = 1 [27, 29] . As a result, m ν is invariant under the action of X ν ,
Without reconstructing the neutrino mass matrix, from this equation we can derive that the unitary transformation U ν which is the a diagonalization matrix of m ν with U m 2 , m 3 ) , is subject to the following constraint [27, 29] ,
where Q ν is a diagonal matrix with non-vanishing entries ±1 and ±i to make the light neutrino masses positive definite, and it can be parameterized as Eq (2.31). Performing Takagi factorization X ν = Σ ν Σ T ν where Σ ν is unitary, we obtain
where O 3×3 can be parameterized as
where the fundamental interval of the real parameters θ 1,2,3 is [0, π). Thus the neutrino mixing matrix is determined to be of the form [25, 26] 
The flavor symmetry is assumed to be broken to an abelian subgroup G l in the charged lepton sector, and the generator of G l is denoted as g l 1 . The charged lepton mass matrix
Thus we find that the unitary transformation U l which diagonalizes m † l m l is constrained to satisfy
where ρ diag 3 (g l ) is a diagonal phase matrix. That is to say, the charged lepton mixing matrix U l can be obtained by diagonalizing the representation matrix of the generator g l without resorting to the mass matrix. Here we assume that the residual symmetry G l can distinguish among the three charged leptons, consequently U l is uniquely determined up to permutations and phases of its column vectors. As a result, the PMNS mixing matrix is found to be of the form
where P l is an arbitrary three dimensional permutation matrix, Q l is a diagonal unitary matrix and it can be absorbed into the charged lepton fields. If two pairs of residual subgroups {G l , X ν } and {G l , X ν } are related by a similarity transformation Ω, 9) both pairs would lead to the same result for U P M N S . The reason is because that the Takagi factorization of X ν is ΩΣ ν and ρ 3 (g l ) is diagonalized by ΩU l .
Condition for the equivalence of two mixing patterns
Let us assume two different residual symmetries {G l , X ν } and {G l , X ν }, accordingly the PMNS matrices are predicted to be
10)
For any given value of the real orthogonal matrix O 3×3 , if one can always find a corresponding orthogonal matrix O 3×3 as well as Q l , P l and Q ν , such that the equality
is fulfilled, then these two mixing patterns would be essentially the same. From Eq. (4.12) we can obtain the condition
Both sides of Eq. (4.13) multiply with their transpose, we have
Notice that Q N is a diagonal matrix with entries ±1 and ±i, and Eq. 
Inversely, if we can find a permutation matrix P L and a phase matrix Q L such that Eq. (4.16) is fulfilled, the postulated residual symmetries would lead to the same lepton mixing pattern.
Examples in S 4 and CP
In this section, we shall analyze the lepton mixing patterns which arise from the breaking of the flavor group S 4 and CP symmetry to an abelian subgroup G l in the charged lepton sector and to a residual CP X ν in the neutrino sector. We shall consider all possibilities for G l , i.e., G l = Z 3 , Z 4 , K 4 and all possible residual CP transformation X ν which should be a unitary symmetric matrix,
where we do not distinguish between the abstract elements of the S 4 group and their representation matrices in 3 for simplicity of notation. In fact it is not necessary to study the mixing patterns comprehensively for all possible combinations of G l and X ν . By applying the general equivalence criterion in Eq. (4.16), we find there are only five independent cases with (
, T . In the following, we take into account all possible row permutations of the mixing matrix in each case, the predictions for lepton mixing angles and CP violation phases as well as neutrinoless double decay would be investigated.
In this case, the unitary matrices U l and Σ ν are given by,
Moreover, we find that the six row permutations of the mixing matrix lead to the same mixing pattern. Consequently we shall choose P l = 1 without loss of generality, and thus the PMNS matrix is of the form,
where the unphysical phase matrix Q l on the far left is omitted. The mixing angles and CP violation phases can be read off as
We see that all the three CP phases are predicted to be trivial, the measured values of the lepton mixing angles can be reproduced for certain values of the parameters θ 1,2,3 .
• G l = Z T 3 , X ν = S This case differs from the previous one in the value of the residual CP transformation X ν , and we have
The six row permutations of the PMNS matrix are related through shifts in the free parameters θ 1,2,3 . We take P l = 1 and then the lepton mixing angles can be extracted as follows 
We perform a numerical analysis by treating the free parameters • G l = Z T 3 , X ν = U This case is exactly the µ − τ reflection symmetry in the charged lepton diagonal basis. One can straightforwardly read out U l and Σ ν as follows,
Out of the six possible row permutations only P l = 1 and P l = P 23 lead to a pattern compatible with data. The PMNS matrices arising form P l = 1 or P l = P 23 are equivalent. The others give rise to either tan θ 13 = sin θ 23 or tan θ 13 = cos θ 23 which does not allow both θ 13 and θ 23 to be fitted well simultaneously. For the case of P l = 1, the lepton mixing angles and the CP violation phases are found to be of the form Figure 9 : Correlations between different mixing parameters in the case of (G l , X ν ) = (Z T 3 , S), where the three lepton mixing angles are required to be compatible with the experimental data at 3σ level [6] .
evidences showing that the Dirac CP violating phase δ CP is close to −π/2 (or 3π/2) [62, 63] . If these data are further confirmed in near future, this mixing pattern would be an excellent leading order approximation.
• G l = Z T 3 , X ν = SU We can read out U l and Σ ν as
For the six possible permutations of rows, only the mixing patterns with P l = 1 and P l = P 23 can accommodate the experimental data of the mixing angles for certain values of the parameters θ 1,2,3 . The PMNS matrices arising from P l = 1 and P l = P 23 are essentially the same if redefinition of θ 1,2,3 and relabeling of k 1,2 are taken into account. Using the actual form of the PMNS matrix given in Eq. (4. Figure 10 : Correlations between different mixing parameters in the case of (G l , X ν ) = (Z T 3 , SU ), where the three lepton mixing angles are required to be compatible with the experimental data at 3σ level [6] . For another independent permutation P l = P 13 , the atmospheric angle changes from θ 23 to π/2 − θ 23 , the Dirac phase turns out to be π + δ CP , and the expressions of the other mixing parameters are not changed. The numerical results for P l = P 13 and P l = P 23 P 13 are plotted in figure 11 . Moreover, we explore the phenomenological predictions for neutrinoless double beta (0νββ) decay in each case. The effective mass |m ee | as a function of the lightest neutrino mass is plotted in figure 12 . We find that |m ee | is around 0.015 eV, 0.024 eV or 0.048 eV for IH spectrum while |m ee | depends on the neutrino masses and it is strongly suppressed to be small than 10 −4 eV for certain values of the lightest neutrino mass in case of NH.
Summary and conclusions
In recent years, discrete flavor symmetry in combination with CP symmetry has been pursued to describe the experimental data on lepton mixing in particularly to predict the CP violating phases. Generally it is assumed that the original flavor and CP symmetry are broken down to an abelian subgroup and Z 2 × CP in the charged lepton and neutrino sectors respectively. In this work we have considered other possible choices for the residual symmetry. In the first scenario, the residual subgroups preserved by the neutrino and charged lepton mass matrices are of the structure Z 2 × CP . The lepton mixing matrix is found to depend on two free parameters θ l and θ ν which vary between 0 and π, and generally one element is fixed to be certain constant by the residual symmetry. The procedure to extract the PMNS mixing matrix is presented. Moreover, we derive the criterion to determine whether two distinct remnant subgroups lead to the same mixing pattern if the freedom of redefining θ l and θ ν is taken into account. In order to show concrete examples and find new interesting mixing patterns, we have performed a comprehensive analysis for the popular S 4 flavor symmetry group. All possible residual groups Z 2 × CP have been considered, and we find eighteen phenomenologically viable cases which can accommodate the experimentally measured values of the mixing angles for particular values of θ l and θ ν , as shown in tables 2-7. This scheme is quite predictive since the allowed regions of θ l and θ ν are strongly constrained in order to accommodate the experimentally measured values of the mixing angles. In light of the recent experimental results of δ CP ∼ 3π/2 from T2K and NOνA [62, 63] , the cases with (G l , G ν , X l , X ν , P l , P ν ) = (Z , Z S 2 , T 2 , SU, P 12 , P 13 ) are slightly preferred because they predict the Dirac phase could be 1.569π, 1.458π and 1.542π respectively. In all the eighteen cases, the effective Majorana mass |m ee | are determined to be around 0.015 eV, 0.028 eV or 0.048 eV for IH which are within the sensitivity of the near future 0νββ decay experiments , T ), where the three lepton mixing angles are required to be compatible with the experimental data at 3σ level [6] . , T ). The present most stringent upper limits |m ee | < 0.120 eV from EXO-200 [69, 70] and KamLAND-ZEN [71] is shown by horizontal grey band. The vertical grey exclusion band is the current limit on the lightest neutrino masses from the cosmological data m i < 0.230 eV at 95% confidence level obtained by the Planck collaboration [72] .
Discrete flavor symmetry has also been employed to explain the quark flavor mixing described by the well-known CKM matrix as well. Extensive scan of finite groups shows that only the Cabbibo mixing in the quark sector can be reproduced at leading order without resorting to special model dependent corrections [23, 74] , regardless of whether the three left-handed quark fields are assigned to an irreducible triplet or doublet plus singlet. In the approach with flavor and CP symmetry, if the remnant symmetries preserved by the down and up quark mass matrices are chosen to be an abelian subgroup and Z 2 × CP , the correct size of the quark mixing angles and CP phase still can not be obtained. In this work we propose the scheme with the residual symmetry Z 2 × CP in both the up and down quark sectors. The expression for the CKM matrix and the equivalence condition are derived. From the S 4 flavor group along with a CP symmetry, we find an interesting leading order quark mixing pattern in which the experimentally preferred values of the quark mixing angles θ q 12 and θ q 23 can be accommodated while θ q 13 is a bit large. It could be brought into agreement with the experimental data in a concrete model with small subleading corrections. We comment that large flavor groups can accommodate well the precisely measured CKM mixing matrix without corrections in this approach [75] .
Furthermore we consider another type of residual symmetry. The postulated flavor and CP symmetry is broken to an abelian subgroup contained in the flavor group in the charged lepton sector and to a single remnant CP transformation in the neutrino sector. The lepton mixing angles and CP violation phases are determined in terms of three free parameters θ 1,2,3 in the interval [0, π). In general this scenario is less predictive than the previous one, each mixing parameter can vary in a relatively wide range. As an example, we find that the flavor group S 4 combined with CP symmetry gives rise to five independent mixing patterns which can describe the experimental data on lepton mixing angles. The correlation between different mixing parameters and the predictions for the neutrinoless double beta decay are studied. Given the above rich results from the S 4 group, we expect that many other new mixing patterns compatible with experimental data could be obtained in our proposal for other choice of the flavor symmetry group such as A 5 and ∆(6n 2 ). In the present work, we propose alternative schemes to understand the puzzle of quark and lepton flavor mixings from flavor and CP symmetry. The implications of our proposal for the flavor mixing are completely determined by the assumed residual symmetries and are independent of the underlying theory, they are just a consequence of group theory. It is interesting to construct explicit models to dynamically achieve the breaking patterns of flavor and CP symmetry. The required size of θ l and θ ν (or θ 1,2,3 ) as well as the charged lepton mass hierarchy should be obtained in such models.
The 24 elements of the group belong to five conjugacy classes 1C 1 = {1} , 3C 2 = {S, T ST 2 , T 2 ST } T 5 = −iva 5 b 2 − i(zb 6 + wb 9 )a 3 , T 6 = iva 6 b 2 − i(zb 5 + wb 8 )a 3 , T 8 = −iva 8 b 2 − i(zb 9 − wb 6 )a 3 , T 9 = iva 9 b 2 − i(zb 8 − wb 5 )a 3 , (B.4) with v ≡ b
